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For a long time, studies of femtoscopic correlations have provided information about space-time char-
acteristics of particle sources in high-energy collisions. Recently, the correlation functions have also been
used to determine interaction parameters of correlated particles, which is especially important for short-lived
particles, for which scattering experiments are impossible. The abundance of experimental data and their high
accuracy require an improved theoretical approach to femtoscopic correlations. The aim of this paper is to
systematically discuss relativistic effects and their role in femtoscopy. Since a general relativistic approach is
currently unavailable due to serious theoretical difficulties, the correlation functions must be computed in the
center-of-mass frame where the correlated particles are mostly nonrelativistic. This requires transforming the
source function to this frame, the consequences of which are discussed. Since the deuteron formation has a
similar physical origin to femtoscopic correlations, relativistic effects are also discussed in the former process.
The considerations are illustrated with calculations of some correlation functions and the deuteron coalescence
coefficient to demonstrate the magnitude of relativistic effects. It is also argued that a discrepancy between the
coalescence coefficient computed with the source radii inferred from the baryon-baryon correlation functions
and the experimental data can be removed by taking into account the relativistic elongation of the source radius
in the center of mass of correlated particles.

DOI: 10.1103/xp4n-hlr5

I. INTRODUCTION

Femtoscopic correlations of two particles with small rel-
ative momenta are determined by the distribution of particle
emission points, encoded in the source function, and their
wave function, which depends on the particle statistics and
their mutual interaction. Therefore, by measuring the corre-
lations of pairs of protons or of pions whose interactions are
known, the correlation functions provide information about
space-time characteristics of particle sources in high-energy
collisions. Such measurements have been conducted for years,
see the review articles [1–3], but, recently, thanks to great
improvements in experimental methods, the problem has been
reversed, as discussed in the review [4]. By measuring particle
correlations of various particle species, it is possible to reli-
ably assume that the source function of a given particle type is
known, and femtoscopic correlations can be used to determine
unknown interaction parameters. This is especially important
in the case of particles that have such a short lifetime that
it is impossible to perform a typical scattering experiment.
Needless to say, this is the case for most hadrons.

The abundance of experimental data and their high accu-
racy require an improved theoretical approach to femtoscopic
correlation functions, which have traditionally been described
by applying a very successful though simplified Lednický-
Luboshitz method [5–7]. The method uses the asymptotic
form of the scattering wave function and takes into ac-
count only the s-wave scattering amplitude. Recently, there
have been some efforts to go beyond these limitations, see,
e.g., Refs. [8–10]. The aim of this study is instead to discuss in

some detail relativistic effects which have not been adequately
addressed.

Hadrons produced in high-energy collisions are typically
relativistic, so the description of correlations of these hadrons
should be relativistic. However, such a description is available
only under some rather drastic simplifying assumptions. In
particular, a relativistically covariant formalism is known for
the case when the interparticle interaction is ignored, and the
correlations are solely caused by quantum statistics [1]. In
general, a theory of strongly interacting relativistic particles
is an unsolved problem of theoretical physics.

Three fundamental difficulties need to be overcome. The
first arises at the level of classical dynamics and involves the
inability to separate the center-of-mass (c.m.) from relative
motion; see, e.g., Ref. [11] where a history of the problem is
also briefly reviewed. The second concerns a quantum theory
and is related to the fact that the Lorentz boost operator does
not commute with the particle number operator. Consequently,
the number of the system’s constituents depends on the refer-
ence frame. The third difficulty is very general: there is no
universal method to solve the equations of motion of strongly
interacting systems.

The matter becomes much simpler if the interaction is
weak enough that a perturbation calculus is applicable. Nev-
ertheless, it should be remembered that the weakness of the
interaction does not guarantee the applicability of perturbative
methods. This is well known in the case of electromag-
netic interactions, where scattering problems are solved with
fantastic accuracy while a description of relativistic bound
states, which is by its very nature nonperturbative, encounters
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fundamental difficulties only partially resolved. The whole
issue is well explained and discussed in the monograph [12].

Fortunately, the problem of interest is greatly simplified by
the following circumstance: sizable femtoscopic correlations
occur only at small relative momenta of two particles, typ-
ically less than 100 MeV/c. Therefore, the particle relative
motion can be treated as nonrelativistic in the c.m. reference
frame. Only in the case of pions—the lightest hadrons—
relativistic effects of relative motion can be significant, but
they can be taken into account as corrections. The motion
of femtoscopically correlated hadrons relative to the source
can be truly relativistic, and it requires a fully relativistic
treatment.

Such a situation suggests an approach in which the interac-
tion of hadrons is described in their c.m. frame. Then, one
can use the Schrödinger equation with a whole machinery
of nonrelativistic quantum mechanics. The source function,
however, needs to be Lorentz-transformed to the c.m. frame.
Fortunately, unlike the wave function, the source function
has simple transformation properties due to its probabilistic
nature. This is the approach that is adopted in this paper, and
I discuss how the correlation functions depend on the particle
velocity relative to the source. It should be clearly stated that
the approach is not original. It is commonly accepted that
femtoscopic correlations should be studied in the c.m. frame
of particle pairs. However, the need to Lorentz transform the
source function and its consequences have not been fully
recognized.

For a long time, femtoscopic measurements mainly con-
cerned correlations of identical pions. Their strong interaction
could be and was neglected while the Coulomb effect was
treated as a correction which was subtracted from experi-
mental data, using the Bowler-Sinyukov [13,14] or similar
procedure. The experimental data were therefore intended
to represent the correlations of free pions. Since, as already
mentioned, the correlations of noninteracting particles can be
described in a relativistically covariant way and the Bowler-
Sinyukov correction factor is a Lorentz scalar, the approach to
the femtoscopic correlations is approximate but relativistically
covariant. The procedure works well for pions but is less
satisfactory for kaons [15].

Until recently, the most advanced approach was that pro-
posed by Lednický and Luboshitz [5–7]. These authors’
starting point is the relativistically covariant Bethe-Salpeter
equation, which suggests that the entire formalism is relativis-
tically covariant. However, for the reasons described above,
the authors work in the c.m. frame of correlated particles.
Since solutions of the Bethe-Salpeter equation are known only
in a very limited number of cases, the authors adopted the as-
sumptions that in fact are satisfied in the nonrelativistic limit.
These assumptions include the factorization of the relative
and c.m. motions of two particles, as well as the vanishing
of the so-called relative time. As a result, the Bethe-Salpeter
amplitude can be replaced by a nonrelativistic wave function.
Instead of starting with a relativistic approach, which becomes
nonrelativistic due to the assumptions made, I propose to use a
nonrelativistic approach in the c.m. frame from the beginning,
perform a Lorentz transformation of the source function, and
finally take advantage of the fact that the correlation function

is a Lorentz scalar which can be easily transformed to any
reference frame.

In full analogy to the femtoscopic correlations, one treats
deuteron production in the coalescence model [16,17], where
the deuteron production is a two-step process: production of
nucleons and formation of a deuteron due to final-state inter-
action of neutron and proton that are close in phase space. The
energy scale of the first step, which is of the order of the nu-
cleon mass, is much bigger than that of the second one, which
is the deuteron binding energy. Consequently, the probability
to produce a deuteron factorizes into the probabilities to pro-
duce a neutron-proton pair and to form the deuteron. The latter
probability is given by the Sato-Yazaki formula [18], which
is fully analogous to the femtoscopic Koonin formula [19],
as discussed in detail in Ref, [20]. The argument regarding
the difference in energy scales characterizing the nucleon-pair
production and deuteron formation applies when nucleons are
actually produced, rather than being fragments of colliding
nuclei. This situation occurs in high-energy collisions of lep-
tons and hadrons. In the case of collisions of atomic nuclei, the
argument also works but only for nucleons that do not origi-
nate from the fragmentation of a projectile or target nucleus.
So I am interested in truly produced deuterons, such as those
at midrapidity in experiments at the BNL Relativistic Heavy
Ion Collider (RHIC) and the CERN Large Hadron Collider
(LHC).

Since measurements of femtoscopic correlations are typ-
ically performed on relativistic particles, various aspects of
relativistic effects have naturally been addressed in the litera-
ture. The aim of this paper is to systematically discuss these
effects in a pedagogical manner. For this reason, the consid-
erations presented in the introductory three short sections are
not original; however, they provide essential background for
understanding the problem, as well as for the discussion in
Secs. V and VI, which present original results on the influence
of relativistic effects on femtoscopic correlation functions and
deuteron coalescence coefficients. It is also demonstrated that
a simultaneous analysis of these two quantities allows for
a more straightforward assessment of the role of relativistic
effects.

The discussion of relativistic effects in femtoscopy begins
with the definition of the two-particle correlation function,
which clearly demonstrates that the function is a Lorentz
scalar. However, to make use of this property, the correlation
function cannot be averaged—as is commonly done—over
the total momenta of particle pairs. In Sec. III, I discuss
the nonrelativistic Koonin formula [19], which expresses the
correlation function in terms of the source function and the
nonrelativistic wave function of the two particles of interest.
A relativistic form of the source function and its transforma-
tion properties are presented in Sec. IV. In the subsequent
section, the �-p and p-p correlation functions are computed
to quantitatively assess the magnitude of relativistic effects.
Specifically, I consider a particle source that is isotropic in
its rest frame but becomes anisotropic due to the Lorentz
transformation to the c.m. frame of the particle pair. The
π -π correlation functions are also discussed here. Section VI
is devoted to deuteron formation, where it is shown that
relativistic effects are more pronounced in the coalescence
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coefficient than in the correlation function. When the source
function of nucleons is inferred from the proton-proton or
lambda-proton correlation function, the Sato-Yazaki formula
[18] uniquely determines the deuteron coalescence coeffi-
cient. However, achieving agreement with experimental data
for both the correlation functions and coalescence coefficients
requires a proper treatment of relativistic effects. The paper
concludes with a summary of the considerations and find-
ings. In the Appendix, I rederive the wave function used in
the Lednický-Lyuboshitz method [5–7], which accounts for
Coulomb repulsion together with s-wave scattering due to the
strong interaction.

I frequently refer to experimental data, but only to those
collected at RHIC and the LHC. This is done for several rea-
sons. I am primarily interested in relativistic effects, which are
particularly important in collisions at the highest accessible
energies. Furthermore, the theoretical description of the pro-
cesses studied in collider experiments is simpler than that of
experiments with fixed targets. The laboratory frame at RHIC
and the LHC coincides with the c.m. frame of the colliding
identical nuclei and therefore also with the c.m. frame of
the particle source. Moreover, the data are collected predomi-
nantly in the narrow midrapidity region. When the rapidity of
a given particle vanishes, its transverse momentum equals its
total momentum. In the context of deuteron production, it is
also important that deuterons observed at midrapidity are not
fragments of the incoming nuclei but are genuinely produced
in the collision. It is also worth noting that relatively recent
publications of results from RHIC and the LHC typically
contain extensive references to earlier work.

Having said all this, it should be emphasized that femto-
scopic correlations and deuteron production have been studied
for years in nuclear collisions at low collision energies (tens of
MeV) and intermediate energies (hundreds of MeV), see the
review [21] and recent article [22]. Numerous new methods
have been developed, yielding many interesting results. Be-
cause both femtoscopic correlations and deuteron formation
involve the interactions between particles with low relative
velocities, the energy of the collisions in which these par-
ticles are produced is not the determining factor. Therefore,
the experimental methods and theoretical approaches to these
processes at low and high energies are similar. However, I am
primarily interested in the effect of particle motion relative
to the particle source, which in the case of nuclear collisions
at low and intermediate energies is approximately nonrela-
tivistic. As a result, the effects considered in this work are
small, if not entirely negligible, and thus such collisions are
not discussed.

Throughout the paper, I use natural units, where c = h̄ = 1,
and the metric convention is (+,−,−,−).

II. DEFINITION OF CORRELATION FUNCTION

The correlation function C(p1, p2) of two particles a and b
with momenta p1 and p2 is defined as

C(p1, p2) =
dNab

dp1dp2

dNa
dp1

dNb
dp2

, (1)

where dNab/dp1dp2 and dNa/dp1, dNb/dp2 are, respectively,
the two- and one-particle momentum distributions. The corre-
lation function can be written down in the Lorentz covariant
form,

C(p1, p2) =
E1E2

dNab
dp1dp2

E1
dNa
dp1

E2
dNb
dp2

, (2)

where E dN
d3p is the Lorentz-invariant distribution.

The covariant form (2) shows that the correlation function
is a Lorentz scalar field which can be easily transformed
from one reference frame to another. Since the particle
four-momenta are on the mass shell, the transformation of
three-momenta pi → p′

i with i = 1, 2 is well defined but
not linear. It is natural to discuss the Lorentz transforma-
tion using the four-momenta: p1 = (E1, p1), p2 = (E2, p2)
with E1 = (m2

a + p2
1)1/2, E2 = (m2

b + p2
2)1/2. Since the four-

momenta transform under the Lorentz transformation as pi →
p′

i = Lpi, where L is the transformation matrix, the correlation
function transforms as

C(p1, p2) −→ C′(p′
1, p′

2) = C(L−1 p′
1, L−1 p′

2), (3)

where L−1 denotes the inverse transformation matrix.
Femtoscopic correlation functions are usually not mea-

sured as functions of three-momenta of both particles.
Experimentally obtained correlation functions typically de-
pend only on the difference of three-momenta of the two
particles or the three-momentum at the center of mass of
the two particles. Very often there are correlation functions
measured only as a function of the length of the relative three-
momentum. Then, there is no way to transform the correlation
function to a reference frame other than that one in which the
measurement was made.

To explain the problem, I consider a correlation func-
tion of two identical particles measured as a function of
q = 1

2 (p1 − p2). Since the two particles are on mass-shell,
the timelike component of the four-vector Qμ = 1

2 (pμ
1 − pμ

2 )
is Q0 = 1

2 (E1 − E2), and one shows that Q0 = q · v, where
v = (p1 + p2)/(E1 + E2) is the velocity of the pair. So, if the
correlation function is measured as a function of q at a fixed
value of the total momentum P = p1 + p2, one can construct
the four-vector Q = (q · v, q) and the correlation function can
then be transformed as a scalar that is C(Q) −→ C′(Q′) =
C(L−1Q′). However, correlation functions are usually mea-
sured not at fixed P but rather for a whole domain of P. So,
the particle pairs with different v contribute to the correlation
function. Consequently, the three-vector q cannot be extended
to the four-vector Q, and such a correlation function cannot be
transformed. The situation is even worse when the correlation
function is measured only as a function of |q|.

III. NONRELATIVISTIC KOONIN FORMULA

Within the Koonin model [19], the correlation function is
given as

C(p1, p2) =
∫

d3r1dt1

∫
d3r2dt2S(t1, r1)S(t2, r2)

× |�(r′
1, r′

2)|2, (4)
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where r′
i ≡ ri + viti with i = 1, 2, �(r′

1, r′
2) is the wave func-

tion of the two particles and S(t, r) is the single-particle
source function which gives the probability to emit a parti-
cle from the space-time point (t, r). The source function is
normalized as ∫

d3rdtS(t, r) = 1. (5)

After changing the variables ri → r′
i, the correlation func-

tion (4) can be written in the form

C(p1, p2) =
∫

d3r1dt1

∫
d3r2dt2S(t1, r1 − v1t1)

× S(t2, r2 − v2t2)|�(r1, r2)|2, (6)

where the primes are omitted.
Now, one introduces the c.m. coordinates:⎧⎪⎨
⎪⎩

r = r2 − r1,

t = t2 − t1,

q = 1
M (m2p1 − m1p2),

⎧⎪⎨
⎪⎩

R = 1
M (m1r1 + m2r2),

T = 1
M (m1t1 + m2t2),

P = p1 + p2,

(7)

where M ≡ m1 + m2. Using the c.m. variables and factorizing
the wave function as

�(r1, r2) = eiPRϕq(r), (8)

where ϕq(r) is the wave function of the relative motion, one
gets

C(q, P) =
∫

d3rdtSr (t, r − vt )|ϕq(r)|2. (9)

The relative source function Sr (t, r) is expressed through the
single-particle source function in the following way:

Sr (t, r) ≡
∫

d3RdT S
(

T − m2

M
t, R − m2

M
r
)

× S
(

T + m1

M
t, R + m1

M
r
)
. (10)

To get Eq. (9), it has been assumed that the velocity v is
the same for both particles. Thus, one assumes that v1 =
v2 = v, which requires, strictly speaking, q = 0. However,
it is observed that |v1 − v2| � |vi| if |q| � μ|pi|/mi where
μ ≡ m1m2/M. Thus, the approximation v1 ≈ v2 holds for suf-
ficiently small particle momenta in the c.m. frame. It should
be stressed that the dependence of the correlation function on
q is mostly controlled by the dependence of the wave function
on q, which is not influenced by the above approximation.

One can introduce the effective relative source function
which depends on v and is defined as

Seff
r (r) ≡

∫
dtSr (t, r − vt ). (11)

Then, the formula (9) gets the simpler form

C(q, P) =
∫

d3rSeff
r (r)|ϕq(r)|2. (12)

Due to the normalization condition (5), the functions Sr (t, r)
and Seff

r (r) are also normalized∫
d3rSr (r) =

∫
d3rdtSeff

r (t, r) = 1. (13)

Since the correlation function depends in general on p1

and p2, it depends on q and P after the change of variables.
The correlation function (9) or (12) depends on P through the
velocity v of the particle pair. However, as already mentioned,
femtoscopic correlation functions are usually measured only
as functions of q and not of q and P. The dependence on
P is usually averaged over. However, I explicitly keep the
dependence on P because, as explained in the introduction, the
dominant relativistic effect enters through this dependence.

To describe experimental data with the Koonin formula
either in the form (4), (9), or (12), the source function S(t, r)
has to be determined. It is commonly used in the Gaussian
parametrization,

S(t, r) = 1

4π2RxRyRzτ
exp

[
− t2

2τ 2
− x2

2R2
x

− y2

2R2
y

− z2

2R2
z

]
,

(14)

where r = (x, y, z) and the parameters τ , Rx, Ry, and Rz char-
acterize the lifetime and sizes of the source. Specifically, the
parameters τ and Rx give, respectively,

τ 2 = 〈t2〉 ≡
∫

d3rdtt2S(t, r),

R2
x = 〈x2〉 ≡

∫
d3rdtx2S(t, r). (15)

The relative source function computed from Eq. (10) with
the single-particle source (14) is

Sr (t, r) = 1

16π2RxRyRzτ

× exp

[
− t2

4τ 2
− x2

4R2
x

− y2

4R2
y

− z2

4R2
z

]
. (16)

It is worth noting that the particle masses that are present in
the definition (10) disappear completely in the formula (16).
This is the feature of the Gaussian parametrization (14).

If a pair of particles moves relative to the source along
the axis x with the velocity v = (v, 0, 0), the effective relative
source function (11), which will be discussed later on, is

Seff
r (r) = 1

8π3/2
√

(R2
x + v2τ 2)RyRz

× exp

[
−1

4

(
x2

R2
x + v2τ 2

+ y2

R2
y

+ z2

R2
z

)]
. (17)

If the velocity v is perpendicular to the beam axis along the
axis z, as in my further considerations, the Cartesian coordi-
nates x, y, z is a special case of the Bertsch-Pratt coordinate
system out, side, long [23,24] often used in femtoscopy. The
direction long is chosen along the beam axis (z), the direction
out is parallel to the component of the pair velocity v which
is transverse to the beam. The last direction side is along
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the vector product of the out and long versors. Further on,
the direction along the motion of the pair is called the “out”
direction.

The Gaussian parametrization of the source function is
convenient to use and, as I show in Sec. IV, allows one
to readily include relativistic effects. However, the Gaussian
character of the source is not a law of nature, but merely a
useful approximation. In this context, it is worth mention-
ing the technique called imaging, proposed by Brown and
Danielewicz [25,26]. For systems such as pairs of pions or
protons, whose two-particle wave functions are known, one
can invert the Koonin formula (12) and obtain the effec-
tive source function (11) from the experimentally measured
correlation function. Applying the imaging technique to ex-
perimental data has shown that the source functions are indeed
approximately Gaussian, but with additional non-Gaussian
tails [27–31]. As I explain in Sec. IV, the source functions ob-
tained using the imaging technique do not allow the analysis
of relativistic effects, which are of primary interest here.

As already mentioned in the introduction, for noninter-
acting particles the Koonin formula (4) can be written in a
relativistically covariant form with time and space variables
treated on equal terms, see, e.g., Ref. [1]. This formula can
be used to compute the correlation function of free identical
bosons or fermions, which differs from unity due to the effect
of quantum statistics. It is worth noting that, as discussed in
Ref. [15], these correlation functions are exactly equal to the
analogous functions provided by the Koonin formula (4). The
equality is not obvious because time enters the Koonin for-
mula and its relativistic generalization in a different way. So,
it confirms the validity of the simple geometric arguments that
allow for the inclusion of nonsimultaneous particle emission
in the Koonin formula.

IV. RELATIVISTICALLY COVARIANT
SOURCE FUNCTION

To apply the Koonin formulas (4), (9), or (12) to pairs of
correlated particles which move relativistically with respect
to a source, one has to transform the source function, which is
written down as S(x) with the four-position x ≡ (t, r), from
the source rest frame to the pair c.m. frame. The source
function S(x) is the probability density of the emission of a
particle from a given space-time point x, and thus the emission
probability S(x)d4x should be the same for all observers; it
should be Lorentz-invariant.

When the reference frame O′ moves along the axis x of
the reference frame O with the velocity v and initially, that
is at t = 0, the two frames coincide, the position four-vector
expressed in the Minkowski coordinates transforms as

x′μ = Lμ
νxν =

⎡
⎢⎢⎣

γ −γ v 0 0
−γ v γ 0 0

0 0 1 0
0 0 0 1

⎤
⎥⎥⎦

⎡
⎢⎢⎣

t
x
y
z

⎤
⎥⎥⎦

=

⎡
⎢⎢⎣

γ (t − vx)
γ (x − vt )

y
z

⎤
⎥⎥⎦. (18)

where γ ≡ (1 − v2)−1/2. The indices μ and ν numerate the
rows and columns, respectively. The matrix L is symmetric
that is L ν

μ = L μ
ν and it obeys (L−1)μν = L ν

μ and L ν
μ Lμ

ρ =
gν

ρ .
Since the four-volume element is Lorentz invariant d4x′ =

d4x, the emission probability is the same for all observers if
the source function transforms as a scalar field, that is,

S(x) −→ S′(x′) = S(L−1x′). (19)

The explicitly covariant form of the Gaussian parametriza-
tion of the source function (14) can be written as [32]

S(x) =
√

det�

4π2
exp

[
− 1

2
xμ�μνxν

]
, (20)

where �μν is assumed to be a Lorentz tensor characterizing
the source, which in the source rest frame is

�μν =

⎡
⎢⎢⎢⎣

1
τ 2 0 0 0
0 1

R2
x

0 0

0 0 1
R2

y
0

0 0 0 1
R2

z

⎤
⎥⎥⎥⎦. (21)

The source function as written in Eq. (20) obeys the normal-
ization condition (5) not only for the diagonal matrix � but
for nondiagonal as well.

The source function (20) obviously transforms according
to the rule (19), that is,

S(L−1x′) =
√

det�′

4π2
exp

[
− 1

2
x′

ρ�
′ρσ x′

σ

]
= S′(x′), (22)

where

�′ρσ = Lρ
μ�μν (L−1) σ

ν = Lρ
μLσ

ν�
μν, (23)

and det�′ = detL det� detL−1 = det�. Once the source
function (20) transforms as a scalar field, it is known how to
write it in any reference frame.

Let me write explicitly the relative source function (16) in
the c.m. frame of the particle pair, which is assumed to move
with the velocity v = (v, 0, 0) in the source rest frame. The
quantities are labeled with the index ∗ in the c.m. frame. Using
the transformation law (23) and the Lorentz boost matrix from
Eq. (18), one finds

�μν
∗ =

⎡
⎢⎢⎢⎢⎣

γ 2
(

1
τ 2 + v2

R2
x

) −γ 2v
(

1
τ 2 + 1

R2
x

)
0 0

−γ 2v
(

1
τ 2 + 1

R2
x

)
γ 2

(
v2

τ 2 + 1
R2

x

)
0 0

0 0 1
R2

y
0

0 0 0 1
R2

z

⎤
⎥⎥⎥⎥⎦.

(24)

The source function is

Sr (x∗) = 1

16π2τRxRyRz
exp

[
− 1

4
x∗
μ�μν

∗ x∗
ν

]
. (25)

Finally, one writes down the “effective relative” source func-
tion defined by Eq. (11), which is a relativistic analog of the
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formula (17) and equals

Seff
r (r∗) ≡

∫
dt∗Sr (t∗, r∗)

= 1

8π3/2
√

γ 2(R2
x + v2τ 2)RyRz

× exp

[
−1

4

(
x2
∗

γ 2(R2
x + v2τ 2)

+ y2
∗

R2
y

+ z2
∗

R2
z

)]
,

(26)

where v∗ = 0 and v = (v, 0, 0). As one observes, the effective
source radius along the direction of the velocity is elongated
by the factor γ , not contracted as one can naively expect.
It should be remembered that the Lorentz contraction of the
length of a moving object occurs if both ends of the object are
measured simultaneously in the reference frame in which the
object is moving. Changing the measurement method would
lead to a different result, and this is the case here.

The formula (26) is the source function to be substituted
into Eq. (12) to get the correlation function in the c.m. frame
of a particle pair. It will be used further on.

Let me return for a moment to the imaging technique
mentioned in the previous section. The technique allows the
extraction of effective source functions from experimental
correlation functions. Since correlation functions are mea-
sured in the c.m. frame of correlated particles, the source
functions obtained by inverting the Koonin formula are ex-
pressed in this reference frame. They cannot be Lorentz
transformed to the source rest frame because the emission
time is integrated over in the definition of the effective source
function (11).

V. MAGNITUDE OF RELATIVISTIC EFFECTS

As already explained, the main relativistic effect in fem-
toscopy is due to the Lorentz transformation of a source
function. The source radius in the direction of particle motion,
which in the source rest frame is (R2

x + v2τ 2)1/2, is enlarged
by the Lorentz factor γ . In this Sec. I discuss how much it
influences the correlation function.

If the correlation function is measured for particle pairs
within a narrow range of total momentum P, relativistic ef-
fects only affect the interpretation of the obtained source
radius. The source radius in the direction of particle motion,
which is inferred from the correlation function measured in
the c.m. frame of the particle pair, is γ (R2

x + v2τ 2)1/2. A
situation gets complicated if the measurement is performed
in a broader range of total momentum P. Then, one deals with
a correlation function averaged over a domain of P.

I start the discussion on the magnitude of relativistic effects
with �-p correlations, which are caused by short-range strong
interaction and thus the correlation function is sensitive to the
source radius. However, a measurement of the �-p correlation
function is rather difficult as it requires a reconstruction of
� from the decay products p and π−. So, p-p correlations,
which are easier to measure, are also discussed. However,
the p-p correlations are strongly influenced by the long-range
Coulomb repulsion, which makes the correlation function less

sensitive to the source radius, in particular when the source
radius exceeds 2 to 3 fm as in heavy-ion collisions.

An observation of relativistic increase of the source radius
in the out direction is complicated by the fact that the source
radius changes with P not only due to the Lorentz transforma-
tion. It is well established that the source radius inferred from
the femtoscopic correlation function decreases with increas-
ing transverse momentum of particle pairs, see, e.g., Fig. 8 of
Ref. [33]. This behavior, which is known as the homogeneity
length effect, is a consequence of the hydrodynamic radial
expansion of matter produced in high-energy collisions [34].
A rather detailed analysis of the phenomenon in a hydro-
dynamical model is given in Ref. [35]. Taking into account
the relativistic increase of the source radius with particle mo-
mentum, the effect becomes stronger than currently assumed
if the correlation function is measured in the c.m. frame of
the pair of correlated particles. However, to disentangle the
effect of Lorentz transformation from the genuine change of
the source radius with the particle momentum, the correlation
function must be measured in small intervals of the pair total
momentum P or the pair velocity v.

At the end of this section, π±-π± and K±-K± correlations
are considered. The experimental data are traditionally ana-
lyzed and presented in a specific way. Using the fact that the
strong interaction of pions and kaons can be neglected and
treating the Coulomb repulsion as a correction, the final cor-
relation functions are supposed to represent free particles with
nontrivial correlations caused solely by quantum statistics. I
explain how relativistic effects are handled and argue that the
method works well for pions but is less accurate for kaons.

The correlation functions discussed here are, of course,
computed in the c.m. frame. However, to simplify the nota-
tion, asterisks to denote quantities in the c.m. frame are no
longer used, except in a few cases where I wish to emphasize
this fact.

A. �-p correlations

I discuss here specific measurements of �-p correlations
performed by the STAR Collaboration in Au-Au collisions at√

sNN = 200 GeV [36] and by the ALICE Collaboration in
p-p collisions at

√
sNN = 7 TeV [37].

In the case of the STAR measurement, the protons were
from the transverse-momentum interval pT ∈ [0.4, 1.1] GeV
and rapidity y ∈ [−0.5, 0.5] in the c.m. frame of the col-
liding nuclei which is assumed to be the rest frame of the
source. For y = 0 the Lorentz factor varies from γ = 1.09 for
pT = 0.4 GeV to γ = 1.54 for pT = 1.1 GeV. Therefore, the
source radius in the direction of particle pair motion increases
by over 40% when pT grows from 0.4 to 1.1 GeV. However,
since the particle yield exponentially drops with pT , the cor-
relation function is mostly determined by the pairs with the
lowest pT and the spread of source radii due to the Lorentz
transformation is effectively much smaller than 40%.

The measurement by the ALICE Collaboration was per-
formed with protons from the interval pT ∈ [0.5, 4.05] GeV
and pseudorapidity η ∈ [−0.8, 0.8]. Assuming, as previously,
η = 0, the Lorentz factor varies from γ = 1.13 for pT =
0.5 GeV to γ = 4.4 for pT = 4.05 GeV. Therefore, the
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source radius in the direction of particle pair motion increases
by a factor of 4 when pT grows from 0.5 to 4.05 GeV.

The correlation functions obtained by the STAR and
ALICE Collaborations were compared with theoretical pre-
dictions, both assuming that the source function was isotropic
in the c.m. frame of �-p pairs. This means γ (R2

x + v2τ 2)1/2 =
Ry = Rz ≡ Rs. The source radius was inferred to be Rs =
3.0 ± 0.7 fm for Au-Au collisions and Rs = 1.13 ± 0.02 fm
for p-p collisions. However, the source radius in the out di-
rection grows with the total momentum of the pair due to the
Lorentz transformation. The question is how it influences the
correlation function.

The correlation function is computed using the Lednický-
Luboshitz method [5–7]. It assumes that the wave function of
correlated particles, which enters the formula (12), is in the
scattering asymptotic form. When the interparticle interaction
is short range the wave function is

ϕq(r) = eiqr + f (q)
eiqr

r
, (27)

where f (q) is the s-wave scattering amplitude given as

f (q) = −a

1 − 1
2 daq2 + iqa

, (28)

where a and d are the scattering length and effective range,
respectively. The modulus squared of the wave function (27)
together with the source function (26) are substituted in
Eq. (12) and integrated over the position r. For an isotropic
source function, the integral can be performed analytically to
some extent, whereas an anisotropic source function requires
a fully numerical three-dimensional integration.

Since both proton and � are spin-1/2 particles, the pair can
be in a singlet and triplet state. Assuming that the particles are
unpolarized, the spin-averaged correlation function is

C(q, P) = 1
4Cs(q, P) + 3

4Ct (q, P), (29)

where Cs,t (q, P) is the correlation function of the pair in the
singlet and triplet states, respectively, and the weights 1/4 and
3/4 reflect the numbers of spin states in the two channels.

Using the singlet and triplet scattering length and effective
range

as = −2.91 fm, ds = 2.78 fm,

at = −1.54 fm, dt = 2.72 fm, (30)

computed in Ref. [38] within the chiral effective theory, the
spin-averaged correlation function has been computed, as-
suming that in the source rest frame the source is isotropic
with Rx = Ry = Rz ≡ Rs and the emission time τ has been
set to zero, so it is assumed τ � Rs. As mentioned above, the
�-p pairs with protons of the transverse momentum as high as
pT = 4.05 GeV contributed to the �-p correlations measured
by the ALICE Collaboration [37]. So, the correlation function
is computed for Rs = 1 fm and γ = 4, and the result is shown
in Fig. 1. Since the source is anisotropic in the c.m. frame
of the �-p pairs, the correlation function depends on the ori-
entation of the momentum q. Figure 1 shows the correlation
functions for q = (q, 0, 0) and q = (0, q, 0). In the domain of
small q (q < 30 MeV), both correlation functions coincide,

( , )pC q P

[MeV]q

( ,0,0)qq

(0, ,0)qq

1fmsR
4

FIG. 1. The �-p correlation function as a function of q =
(q, 0, 0) (red) and of q = (0, q, 0) (blue) computed for Rs = 1 fm
and γ = 4.

but when q grows, the correlation function of q = (0, q, 0)
tends to unity faster than that of q = (q, 0, 0). Taking into
account that the source radius in the direction of particle
motion is four times bigger than that in the perpendicular
direction, the difference between the correlation functions of
q = (0, q, 0) and q = (q, 0, 0) is not very sizable. The differ-
ence is even smaller for smaller γ , and it obviously vanishes
as γ → 1.

The correlation functions from Fig. 1 show that the rel-
ativistic effect cannot be easily observed. First of all, the
correlation function should be measured in narrow intervals of
the pair momentum P. Then, one could study the dependence
of the correlation function on γ . Additionally, the correlation
function should be measured as a function of the vector q,
not only |q|. This is certainly a difficult task, and interpre-
tation of the results of such a study will be complicated by
the already-mentioned fact that the source radius in the out
direction changes with the pair transverse momentum not only
due to the relativistic elongation but also due to the radial
expansion of the source.

In spite of all these difficulties, it should be remembered
that the relativistic effects are present even when one is unable
to single them out. The problem is particularly severe when
the correlation function is measured in a broad range of P
and as a function |q| not q, as it is done in the studies [36]
and [37]. Then, the resulting correlation function is averaged
over various γ factors and orientations of the vector q. In
the case of the �-p correlations, it is difficult to go beyond
these limitations. So, I consider the p-p correlations, which
are easier to measure.

B. p-p correlations

The p-p correlation function is easier to measure, but it
is noticeably more difficult to compute, as the interparticle
strong interaction and Coulomb repulsion must both be taken
into account.

The Lednický-Luboshitz method [5–7] is again applied.
However, the scattering asymptotic function is no longer of
the form (27), as the long-range electromagnetic interaction
modifies both the incoming plane wave and outgoing spherical
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wave even far from the scattering center. Since the particle
source is always much smaller than the Bohr radius, which
characterizes the length scale of the electromagnetic interac-
tion, the wave function of interest has to be of the asymptotic
form from the point of view of the short-range strong in-
teraction, but it must describe exactly the electromagnetic
interaction. In the case of nonidentical particles, the wave
function, which is given by Eq. (12) in Ref. [6] and Eq. (89)
in Ref. [7], equals

ϕq(r) = eiδC
0
√

G(q)eiqr
1F1

(
− i

aBq
, 1, iqη

)

+ eiδC
0 f̃ (q)

1

r

[
G0

( 1

aBq
, qr

)
+ iF0

( 1

aBq
, qr

)]
,

(31)

where q ≡ |q|, η ≡ r − z = r(1 − cos θ ), and aB ≡ (μα)−1

is the Bohr radius, with μ being the reduced mass of the
two particles and α = 1/137 being the fine-structure constant;
1F1(a, b, z) denotes the hypergeometric confluent function
and G(q) is the Gamow factor

G(q) ≡ |ϕC
q (r = 0)|2 = 2π

aBq

1

exp
(

2π
aBq

) − 1
, (32)

with ϕC
q (r) being the Coulomb wave function (A1) and

δC
0 ≡ arg

[
�

(
1 + i

aBq

)]
(33)

is the s-wave Coulomb phase shift; f̃ is the Coulomb modified
scattering amplitude

f̃ (q) = −aG(q)

1 − 1
2 daq2 + 2a

aB
h(aBq) + iaqG(q)

, (34)

where the function h(x) is defined as

h(x) = 1

x2

∞∑
n=1

1

n(n2 + x−2)
− C + ln x, (35)

with C ≈ 0.577 being Euler’s constant; F0 and G0 are the
l = 0 Coulomb functions which are, respectively, regular and
irregular at r = 0. The first term of the formula (31) is the
exact scattering Coulomb wave function while the second
term represents the l = 0 spherical wave, which results from
the strong interaction combined with the Coulomb repulsion.

The wave function (31) was derived in Refs. [5–7] in the
context of the relativistic Bethe-Salpeter equation which is,
in my opinion, somewhat misleading, as the approximations
which lead to the final formula of the correlation function
hold when the two particles of interest are nonrelativistic. The
description of the derivation of the wave function (31) given
in Refs. [5–7] is also very brief. Therefore, I have rederived
the formula (31) and present a fairly detailed description of
the derivation in the appendix.

Pairs of protons, as �-p pairs, can be in the spin singlet and
triplet states. Since one deals with pairs of identical fermions,
the complete wave function must be antisymmetric when the
two particles are interchanged that is under the replacement
r → −r. The spin triplet (S = 1) wave function is symmetric,

( , )ppC q P

[MeV]q

( ,0,0)qq

(0, ,0)qq

1fmsR
4

FIG. 2. The p-p correlation function as a function of q =
(q, 0, 0) (red) and of q = (0, q, 0) (blue) computed for Rs = 1 fm
and γ = 4.

as the particles are in the same spin state, while the spin
singlet (S = 0) wave function is antisymmetric. Consequently,
the spatial wave function of the triplet is antisymmetric, and
that of the singlet is symmetric. The triplet and singlet wave
functions to be substituted in the Koonin formula (12) are

ϕt
q(r) = 1√

2
(ϕq(r) − ϕq(−r)), (36)

ϕs
q(r) = 1√

2
(ϕq(r) + ϕq(−r)), (37)

where the wave function ϕq(r) is given by Eq. (31). The
second term in Eq. (31) which describes the l = 0 outgoing
spherical wave is symmetric under the replacement r → −r.
Therefore, it does not contribute to ϕt

q(r) that is the triplet
wave function is determined solely by the Coulomb interac-
tion. So, to compute the p-p one needs only singlet scattering
length and effective range which according to the textbook
[39] are

as = −7.8 fm, ds = 2.8 fm. (38)

The Bohr radius of a proton pair is aB = 57.6 fm.
One gets the triplet and singlet correlation function sub-

stituting the modulus square of the wave functions (36) and
(37) into Eq. (12), and using the formula (29) the spin av-
erage correlation function is obtained. As in case of �-p
correlations, it is assumed that the source in its rest frame is
isotropic with Rs = 1 fm and the gamma factor of the Lorentz
transformation to the pair c.m. frame is γ = 4. If the source
function is isotropic in the c.m. frame of the particle pair, the
integral can be performed analytically to some extent. In case
of an anisotropic source, one has to rely on a fully numerical
three-dimensional integration.

Figure 2 shows the correlation functions for q = (q, 0, 0)
and q = (0, q, 0). For small q (q < 30 MeV) both correlation
functions are close to each other but when q grows the cor-
relation function of q = (0, q, 0) is significantly bigger than
that of q = (q, 0, 0) and then they both tend to unity from
below. As in case of �-p correlations, the difference between
the correlation functions is not very sizable.
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C. π-π and K-K correlations

Relativistic effects are most important for pions, as the
lightest hadrons. In the case of the correlation measurement
of like-sign pions [40], the pions of transverse momenta up to
1 GeV were included in the analysis. So, the gamma factor
of the pion transverse motion was extended up to γ = 7.2,
which shows that the relativistic effects are indeed sizable.
However, these effects show up differently than in p-p and
�-p correlations, as those of π -π and K-K are measured,
analyzed, and presented differently.

The method to study the π±-π± correlations exploits the
fact that the strong interaction can be neglected while the
Coulomb repulsion is treated as a correction subtracted from
experimental data. The final correlation function Cfree(q, P)
is expected to represent correlations of free pions. This
function, which is easily computed by substituting the sym-
metrized plane wave and source function (17) into Eq. (12),
equals

Cfree(q, P) = 1 + exp
[ − 4

(
γ 2(v2τ 2 + R2

x

)
q2

x + R2
yq2

y

+ R2
z q2

z

)]
. (39)

It can also be written in an explicitly Lorentz-covariant form
[32] as

Cfree(Q) = 1 + exp[−4Qμ(�−1)μνQν], (40)

where Q = (q · v, q) is the four-vector and �−1 is the tensor
inverse to � given by Eq. (21) in the source rest frame. As
mentioned at the end of Sec. III, the correlation function (39)
can also be obtained from the relativistic generalization of the
Koonin formula where time and space coordinates are treated
on equal terms.

The simplest version of the method to study the π±-π±
assumed that the correlation function was simply divided
by the Gamow factor (32), see, e.g., Ref. [41]. Then, the
Bose-Einstein enhancement at the smallest relative momenta
of pions, which was reduced by the Coulomb repulsion, was
clearly seen. As one remembers, the Gamow factor is the
modulus squared of the Coulomb wave function at r = 0
given by Eq. (32). The method is justified by the fact that the
Bohr radius of the two-pion system, aB = 386 fm, which is
the characteristic length scale of electromagnetic interaction,
is much bigger than the size of the pion source in high-energy
collisions.

Since the Gamow factor overestimates the Coulomb effect
of particles emitted from a finite-size source, the simple divi-
sion of the correlation function by the Gamow factor has been
replaced by the Bowler-Sinyukov method [13,14], according
to which the measured correlation function is expressed as
follows:

C(q, P) = K (q∗)Cfree(q, P), (41)

where Cfree(q, P) is the correlation function of free pions
(39) and K (q∗) is the correction factor whose role is to
take into account the Coulomb effect. K (q∗) is actually the
correlation function of two distinguishable particles of pion
masses computed in the c.m. frame of the pion pair with the
Coulomb wave function [the first term in formula (31)] and the
isotropic source function of radius Rs. The radius is chosen to

be close to the radii that enter the free correlation function.
The formula (41) usually includes the parameter λ, which
is introduced to eliminate some experimental problems like
particle misidentification or the effect of coherence of a pion
field. As these issues are irrelevant to my considerations, I set
λ = 1.

The Bowler-Sinyukov method assumes that the Coulomb
contribution to a correlation function is isotropic even when
the source is anisotropic and the correlation function de-
pends on the orientation of q. The assumption was tested
and, for pions, is well satisfied [15]. However, the for-
mula (41) is less accurate for kaons, in particular when
sources are as big as in central collisions of heavy-ions [15].
This happens because the Bohr radius of K±-K± pair aB =
110 fm is 3.5 times smaller than that of π±-π± pair, and
the electromagnetic forces become sensitive to the shape of
the source.

Since relativistic effects are of main interest here, the
Lorentz structure of the formula (41) needs to be discussed.
Although the correction factor K (q∗) is computed in the c.m.
frame of a pion pair, the formula can be used in any ref-
erence frame. The factor K (q∗), as a correlation function,
is a Lorentz scalar function. Actually, the function does not
need to be transformed because the argument q∗ is Lorentz
invariant. The point is that q∗ ≡ |q∗| = (−QμQμ)1/2 where
Qμ ≡ 1

2 (pμ
1 − pμ

2 ) and pμ
1 , pμ

2 are four-momenta of the two
pions. Since Q0 = q · v, it vanishes in the c.m. frame of the
pair and thus q∗ = (q2

∗)1/2 = (−QμQμ)1/2, which is Lorentz
invariant.

The formula (41) is approximate, but it is Lorentz covari-
ant; it holds in any reference frame. The formula is applied to
three-dimensional measurements of the correlation functions,
which show how these functions depend on the orientation
of the vector q. Such measurements, see, e.g., Ref. [40], are
usually performed using the Bertsch-Pratt coordinates in the
longitudinally comoving reference frame where the rapidity
of the particle pair vanishes.

Although the Bowler-Sinyukov method is certainly useful,
one should remember that it was proposed long ago when cor-
relation functions were measured with lower accuracy. Now,
the measurements are much more precise and it is hard to
justify why the final result of the analysis are the correlation
function with the subtracted electromagnetic contribution. It
is rather unfortunate that experimental data on π -π and K-K
are presented differently than those on, say, p-p and �-p.
This is particularly striking when the two methods are used
in the same study, as in Ref. [33]. The most complete infor-
mation is contained in the correlation functions measured as
a function of both q and v, or equivalently as a function of
four-vector Q. In particular, they allow one to separate the
effects of relativistic elongation of the source radius from
its dynamical change. Hopefully, such measurements will be
available soon.

VI. DEUTERON FORMATION

As already mentioned in the introduction, production of
deuterons in high-energy collisions is a two-step process in the
coalescence model [16,17]. At first nucleons are produced and
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later on a formation of deuterons proceeds due to final-state
interactions of nucleons which are close to each other in mo-
mentum and coordinate spaces. The fact that the energy scale
of the first step, which is of order of nucleon mass, is much
higher than that of the second one, which is a deuteron binding
energy, is important for two reasons. First of all, the two
steps of the process can be distinguished because the temporal
scales are roughly inverse of the energy scales. Consequently,
the production of nucleons, which occurs at first, is a fast
process while the formation of deuterons is a slow process
which occurs subsequently. Second, a probability to produce
a deuteron can be factorized into the probability to produce a
neutron-proton pair and the probability that nucleons fuse into
a deuteron.

A. Nonrelativistic formulation

Assuming that the neutron and proton observed in a given
collision are produced independently of each other and that
the neutron multiplicity is equal to the proton multiplicity, the
deuteron yield is given as

dNd

d3 pd
= A

( dNp

d3 pp

)2
, (42)

where A is the deuteron formation rate and pd = 2pp. One ig-
nores here a small effect of the deuteron binding energy, and,
thus, the equality pd = 2pp is only approximate. However, it
does not influence the yield of neutron-proton pairs, which
changes at a much bigger energy scale than the deuteron
binding energy.

A third body is not needed to convert a neutron-proton
pair into a deuteron. As observed long ago [42], nucleons,
which are emitted from a fireball, are not on the mass shell
due to the finite space-time size of a fireball. The space-time
localization of a nucleon within the fireball washes out its
four-momentum due to the uncertainty principle. Using a
more formal language of scattering theory, the nucleons are
not in an asymptotic state in the remote past or remote future,
which indeed requires the mass-shell condition. Instead, the
nucleons are in an intermediate scattering state. Therefore,
there is no reason to impose the mass-shell constraint. Be-
cause the space-time size of the fireball is of the same order
as that of the nucleus, which is formed, the mismatch of the
energy-momentum is washed out by the uncertainty of energy
and momentum of the nucleons.

Since the deuteron formation is a final-state process fully
analogous to the generation of femtoscopic correlations, as
discussed in detail in Ref. [20], there is no surprise that the
deuteron formation rate A is given by the Sato-Yazaki formula
[18] which is fully analogous to the Koonin formula (4), that
is,

A = 3

4
(2π )3

∫
d3rndtn

∫
d3rpdtpS(tn, rn)S(tp, rp)

× |�d (r′
n, r′

p)|2, (43)

where �d (rn, rp) is the deuteron wave function and S(t, r), as
previously, is the source function of nucleons. The neutrons
and protons are assumed to be unpolarized, and the spin
factor 3/4 takes into account the fact that there are three

spin states of a spin-one deuteron and four spin states of a
nucleon pair. If the deuteron formation rate is defined as in
Eq. (42), but there is the product of proton and neutron yields,
instead of the proton yield squared, the numerical factor is
3/8 not 3/4 in formula (43). The point is that a deuteron
has isospin I = 1 while a neutron-proton pair can be in two
isospin states I = 0 and I = 1. A proton-proton pair can be
only in one isospin state I = 1 and the extra factor 1/2 is not
needed.

Expressing the deuteron wave function with the c.m. vari-
ables as

�d (rn, rp) = eiPRϕd (rnp), (44)

the deuteron formation rate (43) equals

A = 3

4
(2π )3

∫
d3rSeff

r (r)|ϕd (r)|2, (45)

where the relative nucleon source Seff
r (r) is defined by

Eq. (11).

B. Relativistic formulation

Multiplying both sides of Eq. (42) by the nucleon energy
square, one gets

Ed
dNd

d3 pd
= BEnEp

dNnp

d3 pnd3 pp
, (46)

where the coalescence coefficient B equals

B = 2

EN
A = 2

mNγ
A, (47)

γ = EN/mN is the Lorentz gamma factor of the nucleon mo-
tion. Since the coefficient B connects the Lorentz-invariant
quantities, it must be Lorentz invariant as well. The coefficient
depends on the deuteron momentum through γ in the formula
(47) but also through the velocity v which enters the source
function (11). So, in principle, one should write B(pd ) with
pd being the deuteron four-momentum. Since it is a Lorentz
scalar it transforms analogously to the correlation function,
that is,

B(pd ) −→ B′(p′
d ) = B(L−1 p′

d ). (48)

Although the coalescence coefficient B is a Lorentz scalar,
it is known how to compute it only in the c.m. frame of the
neutron-proton pair where γ = 1 and the motion of neutron
and proton can be treated as nonrelativistic. However, the
source function needs to be transformed to this reference
frame, so I compute the deuteron formation rate using the
transformed source function (26).

C. Magnitude of relativistic effects

To qualitatively understand how the coalescence coeffi-
cient B depends on the velocity of the neutron-proton pair with
respect to the source, I use the deuteron wave function in the
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FIG. 3. The coalescence coefficient B as a function of γ .

Gaussian form:

ϕd (r) = e
− r2

8R2
d(

4πR2
d

)3/4 , (49)

where the parameter Rd gives the root-mean-square radius of
the deuteron as Rrms = √

3Rd . Substituting the wave function
(49) and source function (26) into Eqs. (45) and (47), one finds

B = 3

4m

π3/2√[
γ 2

(
R2

x + v2τ 2
) + R2

d

](
R2

y + R2
d

)(
R2

z + R2
d

) ,

(50)

which shows that B monotonically decreases as the gamma
factor grows.

To get more reliable results, one uses the deuteron wave
function in the Hulthén form:

ϕd (r) =
( αβ(α + β )

2π (α − β )2

)1/2 e−αr − e−βr

r
, (51)

with α = 0.23 fm−1 and β = 1.61 fm−1 [43]. Assuming that
in the source rest frame the source function (17) is isotropic
with τ = 0 and Rx = Ry = Rz = Rs, the coalescence coeffi-
cient has been computed with the wave function (51). Figure 3
shows B as a function of γ for Rs equal to 1, 2, and 3 fm. As
one sees, B decreases fast when γ grows.

The experimentally obtained factors B show an opposite
behavior: they grow with the deuteron transverse momentum
both in p-p and Pb-Pb collisions, see Fig. 3 in Ref. [44]
and Fig. 5 in Ref. [45], respectively. However, the effect
is strongest in the central Pb-Pb collisions, which clearly
indicates that it is caused, as suggested long ago [46], by
the collective radial expansion of the source. As in case of
femtoscopic correlations, when the transverse momentum of
the n-p pair grows, the effective source radius in the source
radius decreases and the coalescence coefficient grows. As
already discussed, the source radius in the out direction in-
cludes the gamma factor, if the source radii are inferred from
femtoscopic correlation functions measured in the c.m. frame
of nucleon pairs. Then, the decrease of the source radius is
even more pronounced if the source radii are given in the
source rest frame.

( , )pC q P

[MeV]q

( ,0,0)qq
(0, ,0)qq

0.64 fmR 2.36

| |q q 0.88 fmR 1.00

FIG. 4. The �-p correlation function as a function of q = |q|
(green) computed for Rs = 0.88 fm and γ = 1.00 together with the
�-p correlation function as a function of q = (q, 0, 0) (red) and of
q = (0, q, 0) computed for Rs = 0.64 fm and γ = 2.36.

Since the femtoscopic �-p and p-p correlations provide
information about the source radii of nucleon source, one
can predict the coalescence coefficient B using Eqs. (45) and
(47). Such an attempt has been undertaken in the experimental
study [44], using the theoretical formulas derived in Ref. [47]
and the source radii obtained in Ref. [48], where the source
function was assumed to be isotropic in the c.m. frame of
pairs of correlated particles. Figure 3 in Ref. [44] shows that
the coalescence coefficient B computed with realistic deuteron
wave functions, such as the Hulthén function (51), overshoots
the experimental data by a factor of at least 2. The agree-
ment with the data is achieved if the coalescence coefficient
is computed with the Gaussian wave function which simply
predicts significantly lower B. However, the Gaussian function
is known for long time to poorly model the deuteron wave
function both at small and big distances. The discrepancy can
be resolved by taking into account the relativistic elongation
of the source radius in the out direction.

I consider B measured at the highest transverse momentum
pT = 2 GeV in the study [44]. The experimental value is
B = (1.2 ± 0.2) × 10−2 GeV2. The corresponding source ra-
dius at pT = 2 GeV given in Ref. [48] is about Rs = 0.88 fm
and then B = 2.9 × 10−2 GeV2 which overestimates the ex-
perimental value by factor bigger than 2. However, for pT =
2 GeV the gamma factor is γ = 2.36 and the source ra-
dius in the out direction is increased by this factor. So, the
source function, which isotropic in the source reset frame,
becomes anisotropic in the c.m. frame. Computing the coales-
cence coefficient with Rs = 0.64 fm and γ = 2.36, one gets
B = 1.1 × 10−2 GeV2, which agrees the experimental value.
I have checked that the �-p correlation functions computed
with Rs = 0.88 fm and γ = 1 and with Rs = 0.64 fm and
γ = 2.36 are very close to each other, as shown in Fig. 4. So,
it would be difficult, if possible at all, to distinguish the two
correlation functions experimentally.

One sees that by taking into account the relativistic elonga-
tion of the source radius, one can reconcile the description of
the correlation function with the magnitude of the coalescence
factor. This happens because the correlation function is much
less sensitive to the radius elongation than the coalescence
coefficient. So, the correlation function, which is actually
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anisotropic, can be well approximated with the isotropic
source but the approximation does not work well for the
coalescence coefficient. To prove that the proposed solution is
correct, one should show that the correlation function indeed
depends on the direction of vector q as in Fig. 1. However,
this is a difficult experimental task.

VII. SUMMARY AND CONCLUSIONS

The difficulties that need to be overcome to formulate
a fully relativistic approach to femtoscopic correlations and
deuteron formation can be bypassed when both processes
are considered in the c.m. frame of correlated particles or
neutron-proton pairs, using methods of nonrelativistic quan-
tum mechanics. This is justified because correlations and
the probability of deuteron formation are significant only
when the relative momentum of the particles of interest
is small. However, working in the c.m. frame requires a
Lorentz transformation of the source function to this frame.
Contrary to a naive expectation, the source radius is not
contracted but elongated in the direction of the particle’s
motion.

Although the calculations are performed in a preferred
frame of reference, the results can be transformed to any
other reference frames because the correlation function and
coalescence coefficient are Lorenz scalars. The approach is
not explicitly Lorentz covariant but it is covariant. It should
be stressed, however, that the correlation function and coa-
lescence coefficient must be measured at a fixed velocity of
particle’s pairs, as otherwise there is not enough information
to perform the Lorentz transformation.

The �-p and p-p correlation functions calculated with
the transformed source function show that the effect of the
relativistic elongation of the source radius is rather small for
gamma factors γ � 4. The correlation functions are close
to isotropic. Therefore, the correlations of high-momentum
particles must be measured for the relativistic effect to be
clearly visible.

The traditional method to analyze the π -π and K-K
correlations, which uses the Bowler-Sinyukov procedure to
eliminate the effect of Coulomb repulsion, has been critically
reviewed. I have argued that it would be desirable to use a
universal methodology to study correlation functions of light
and heavy hadrons. An importance of measuring the correla-
tion functions at fixed particle pair velocities has been also
emphasized.

The coalescence factor, which has been calculated with the
transformed source function, shows, in contrast with the cor-
relation functions, a rather strong dependence on the Lorentz
gamma factor. Taking into account the relativistic elongation
of the source radius allows one to reconcile the description of
the correlation function with the magnitude of the coalescence
factor.
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APPENDIX: SCATTERING WAVE FUNCTION OF STRONG
AND COULOMB INTERACTIONS

The aim of this appendix is to derive a wave function that
is the analog of the function (27) when not only the short-
range strong interaction but also the long-range Coulomb
force is present. Due to the Coulomb interaction, both the
incoming plane wave and the outgoing spherical wave must
be modified, as discussed in Sec. 138 of the textbook [39].
There is also an additional complication. The wave function
(27) is of the asymptotic form, as the particle sources are
typically bigger than or comparable to the range of the strong
interaction. The source, however, is always much smaller
than the Bohr radius, which characterizes the length scale
of the electromagnetic interaction. Therefore, one has to use
the exact, nonasymptotic, wave function which describes the
electromagnetic interaction. So, one seeks a wave function
analogous to (27) which is of the asymptotic form from the
point of view of the strong interaction but accurately describes
the electromagnetic interaction.

In the case of two nonidentical particles interacting due
to the repulsive Coulomb potential, the wave function can be
written as

ϕC
q (r) = eiδC

0
√

G(q)eiqr
1F1

(
− i

aBq
, 1, iqη

)
. (A1)

The notation is explained below Eq. (31).
The wave function (A1) contains both the incident and

scattered waves, which can be separated at sufficiently large
distances from the scattering center. It can be used to compute
the correlation function that accounts only for the electromag-
netic interaction; see, e.g., Ref. [15]. One includes the strong
interaction only through the s-wave contribution. Therefore,
because the wave function describing the s-wave scatter-
ing due to the combined Coulomb and strong interaction
will be added separately, the s-wave contribution must be
subtracted from the wave function (A1). This contribution
reads

ϕC
ql=0(r) = eiδC

0
√

G(q)eiqr
1F1

(
1 + i

aBq
, 2,−2iqr

)

= eiδC
0

1

qr
F0

( 1

aBq
, qr

)
, (A2)

where F0 is the l = 0 regular Coulomb function (regular at
r = 0). The regular and irregular Coulomb functions Fl and
Gl are discussed in detail in Chap. 14 of Ref. [49].

Now, I am interested in the l = 0 solution of the
Schrödinger equation which takes into account the Coulomb
repulsion and strong interaction. The general solution is

ϕql=0(r) ∼ 1

r

[
F0

( 1

aBq
, qr

)
cot δ0 + G0

( 1

aBq
, qr

)]
, (A3)
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where G0 is the irregular Coulomb function, which diverges
at r = 0, and δ0 is an additional phase shift due to the strong
interaction. This interpretation results from the asymptotic
form of the solution (A3) which is

ϕql=0(r) ∼ 1

r
sin

(
qr − 1

aBq
ln(2qr) + δC

0 + δ0

)
(A4)

and holds for qr � 1. When the strong interaction is ab-
sent, the solution does not include the irregular Coulomb
function. The strong interaction is expected to control
the behavior of the wave function at r ≈ 0, and thus
the irregular Coulomb function is included in the general
solution (A3).

The quantity cot δ0 is determined by postulating that the
wave function and its derivative are smooth as r → 0. It
equals

cot δ0 = − 2

aBq

h(aBq)

G(q)
+ 1

G(q)

( 1

q f (q)
+ i

)
, (A5)

where f (q) is the scattering amplitude (28) due to the strong
interaction in the absence of the electromagnetic one, and the
function h(x) is defined by Eq. (35).

Now, the incident pure Coulomb wave function (A1)
with the subtracted s-wave contribution (A2) and the s-wave
function of the strong and Coulomb interactions (A3) are

combined. Thus, one writes

ϕq(r) = eiδC
0
√

G(q)eiqr
1F1

(
− i

aBq
, 1, iqη

)
− eiδC

0
F0(r)

qr

+ X
1

qr

[
G0

( 1

aBq
, qr

)
+ cot δ0F0

( 1

aBq
, qr

)]
.

(A6)

The dimensionless constant X should be chosen in such a way
that the s-wave contribution (A2), which is subtracted from
the wave function (A1), is canceled out in the wave function
(A6).

Keeping in mind that a scattering amplitude is expressed
through the cotangent of phase shift as

f̃ (q) = 1

q cot δ0 − iq
, (A7)

one finds the Coulomb-modified amplitude (34) using the
formula (A5). Then, one shows that if

X = eiδC
0

q f̃ (q)
, (A8)

the contribution (A2) indeed cancels out, and one obtains the
wave function (31).
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